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Abstract
Continuing our earlier work on the application of the Relativistic Generalized Uncertainty Prin-
ciple (RGUP) to quantum field theories, in this paper we study Quantum Electrodynamics (QED)
with minimum length. We obtain expressions for the Lagrangian, Feynman rules and scattering
amplitudes of the theory, and discuss their consequences for current and future high energy physics
experiments. We hope this will provide an improved window for testing Quantum Gravity effects
in the laboratory.
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I. INTRODUCTION
The existence of a minimum length has been predicted by gedanken experiments in black
hole physics and almost all theories of Quantum Gravity (QG), such as String theory (ST)
and Loop Quantum Gravity (LQG) [1–13]. In fact, it is considered to be one of the most
robust predictions of QG theories. Phenomenological implications of theories with minimum
measurable length are often studied via a modification of the Heisenberg uncertainty relation
to accommodate a minimum uncertainty in position and a minimum length. This modifi-
cation, known as Generalized Uncertainty Principle (GUP), has been studied in a series of
papers, among which [14–21]. However, apart from some exceptions [22–29], most of the
effort has been directed to non-relativistic models. Other notable approaches to the prob-
lem of a minimum position uncertainty from other perspectives are in [30–37]. Nonetheless,
theories with non-relativistic GUP are affected by a frame-dependent minimum length, ef-
fectively bringing back the concept of aether. The frame-independence of a minimum length
is achieved through a relativistic extension of GUP as follows
[xµ, pν ] = i~ (1 + γpρpρ) η
µν + i ~γpµpν , (1)
where γ = γ0
(MPl c)2
, MPl is the Planck mass and γ0 is a dimensionless parameter used to set
the scale for the quantum gravitational effects. This is the most general form of quadratic
Relativistic Generalized Uncertainty Principle (RGUP), which is used in this work. In
natural units, i.e. ~ = c = 1, one has γ = γ0 ℓ
2
Pl, where ℓPl is the Planck length. As typical
in GUP, it can be observed that the momentum and position are no longer canonically
conjugate. Therefore, one can introduce the canonically conjugate auxiliary variables xµ0
and pµ0 , such that
pµ0 = −i
∂
∂x0 µ
, [xµ0 , p
ν
0] = iη
µν . (2)
In a previous work [38], the authors provided a Lorentz invariant minimum length.
Furthermore, they obtained some interesting properties of spacetime, such as its non-
commutativity at high energies. Moreover, a relationship between the parameters of the
RGUP was found, allowing the non-commutative spacetime to preserve the symmetries of
classical spacetime. In fact one can easily show that the squared momentum pµp
µ is still
a Casimir invariant of the modified Poincare group. Thus, the dispersion relation for the
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modified Poincare´ group is preserved as well and has the following form
pρpρ = −(mc)
2 . (3)
This result opens the door to the formulation of quantum field theory (QFT) with a minimum
length. In fact, the authors recently presented QFT for complex scalar fields and derived the
corresponding Feynman rules in [39]. An interesting consequence of considering the scalar
QFT with a minimum length was the fact that up to six particle vertices were allowed in
the theory. Corrections to the invariant amplitude and the differential cross section of the
scattering of a scalar electron and a muon, were found.
In the present work, the authors continue our program by formulating Quantum Electro-
dynamics (QED) with a minimum length. This paper is structured as follows: in the the
second section, the Ostrogradsky method is used for the derivation of the QED Lagrangian,
as well as the gauge field Lagrangian. In section III, the Feynman rules is derived from the
minimally coupled to the gauge field QED Lagrangian. The transition amplitudes for an
three particle vertices are calculated in section IV. Additionally, calculations for the invariant
amplitude for an electron and muon scattering are presented. This allows for computation
of the differential and total cross sections for ultra-relativistic regime.
II. QUANTUM ELECTRODYNAMICS LAGRANGIAN
Starting from the dispersion relation Eq.(3) and expressing it in terms of the auxiliary
variables defined in Eq.(2), one gets
pρ0p0ρ(1 + 2ατ
2pσ0p0σ) = −(mc)
2 . (4)
As derived in the appendix A, one can then prove that the Dirac equation has the form
(τµpµ −m)ψ = [τ
µp0µ(1 + γp0ρp
ρ
0)−m]ψ = 0 , (5)
where τµ are the Dirac matrices and ψ is a Dirac spinor. The algebra of the Dirac matrices
remains unchanged due to the fact that the dispersion relation is unchanged, which allows
us to use their usual representation
τ 0 =

I 0
0 −I

 , τ i =

 0 σi
σi 0

 , (6)
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where σi are the Pauli matrices and i ∈ {1, 2, 3}. More detailed explanations of the cal-
culations are presented in appendix A. Eq.(5) and its Dirac conjugate are the equations of
motion for the RGUP-QED Lagrangian. One can use the Ostrogradsky method to derive
the corresponding higher derivative Lagrangian [40–42] as shown in Appendix B, obtaining
Lψ = ψ¯ [iτ
µ∂µ(1− γ ∂ρ∂
ρ)−m]ψ . (7)
Thus, the gauge field Lagrangian has the following form
LA = −
1
4
F µνFµν = −
1
4
F µν0 Fµν0 −
γ
2
Fµν0∂ρ∂
ρF µν0 . (8)
It is worth noticing that this is gauge invariant with a U(1) gauge group.
III. FEYNMAN RULES
The modified Feynman propagator is the Green’s function of the modified Dirac differ-
ential operator. Therefore, from the modified Dirac equation in Eq.(5), one has
[iτµ∂µ(1− γ∂ρ∂
ρ)−m]G(x− x′) = −iδ(x− x′) . (9)
Expressing the Green’s function G(x− x′) in terms of its Fourier transform
G(x− x′) =
∫
d4p0
(2π)4
G˜(p0)e
−ip0·(x−x′), (10)
and substituting it in Eq.(9), one gets∫
d4p0
(2π)4
G˜(p0) [iτ
µ∂µ(1− γ∂ρ∂
ρ)−m] e−ip0·(x−x
′) = −i
∫
d4p0
(2π)4
e−ip0·(x−x
′) . (11)
Therefore, the Fourier transform of the Feynman propagator has the form
G˜(p0) [τ
µp0µ(1 + γp0ρp
ρ
0)−m] = −iI
4 . (12)
Multiplying both sides by [τµp0µ(1− γp0ρp
ρ
0) +m], one obtains the propagator
G(x− x′) =
∫
d4p0
(2π)4
−i [τµp0µ(1 + γp0ρp
ρ
0) +m]
pµ0p0µ(1 + γp0ρp
ρ
0)
2 −m2
e−ip0·(x−x
′) . (13)
Further, when the full RGUP-QED action is considered, it reads as follows
S =
∫
L d4x =
∫
[LA + Lψ] d
4x
=
∫
ψ¯
[
iτµDµψ − γψ¯iτ
µDµDνD
νψ −
1
4
F µνFµν
]
d4x , (14)
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in which the minimal coupling to the U(1) gauge field has been introduced in the usual form
∂µ → Dµ = ∂µ + ieAµ . (15)
It can be easily verified that the above, along with a local phase transformations of ψ and ψ¯,
leaves the action in Eq.(14) invariant. The vertices can be read from the minimally coupled
modified Dirac field Lagrangian Eq.(7)
Lψ = iψ¯τ
µ∂µψ + iγψ¯τ
µ∂ρ∂ρ∂µψ −mψ¯ψ
− e
[
ψ¯τµAµψ − 2γψ¯τ
µ (∂µA
ρ) ∂ρψ − 2γψ¯τ
µAρ∂µ∂ρψ − γψ¯τ
µAµ∂
ρ∂ρψ
]
− ie2γ
[
2ψ¯τµAµA
ρ∂ρψ + 2ψ¯τ
µ (∂µA
ρ)Aρψ − ψ¯τ
µAρAρ∂µψ
]
− e3γψ¯τµA
µAρAρψ . (16)
One can see that there are up to five particle vertices. They include always two fermions
and from one to three gauge bosons. Furthermore, one can see that the coupling constants
for each vertex is a product of powers of the electronic charge e and the RGUP coefficient
γ. In fact, the power of the electronic charge determines how many bosons couple to the
vertex and the power of γ is 0 for the usual terms and 1 for the RGUP corrections terms.
For the purposes of this work, the authors chose to focus on the invariant amplitude and
cross section for vertices involving only one gauge boson. This includes the leading order in
the transition amplitudes and RGUP corrections to it.
IV. ELECTRON-MUON SCATTERING CROSS SECTION
This section presents the calculations of the quantum gravity corrections to the electro-
magnetic cross section of an electron and a muon, following the procedure outlined in [43].
The transition amplitude can be read off from the three particle interaction terms in Eq.(16)
Tfi = −i
∫
Aµjµ d
4x , (17)
where jµ is the current corresponding to the electrons and muons. For ease of calculations,
one splits the transition amplitude for the three particle Feynman vertex into the usual term
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T
(1)
fi and two correction terms T
(2)
fi and T
(3)
fi as follows
T
(1)
fi = i
∫
eψ¯fτ
µAµψi d
4x , (18a)
T
(2)
fi = i
∫
2eγ∂ρψ¯fτ
ρAµ∂µψi d
4x , (18b)
T
(3)
fi = −i
∫
eγψ¯τµAµ∂
ρ∂ρψ d
4x . (18c)
From Eq.(18) presented above, one can isolate the current and its corrections terms. They
take the following form
j
(1)
fi µ = −eψ¯fτ
µψi , (19a)
j
(2)
fi µ = −2eγ∂µψ¯fτ
µ∂ρψi , (19b)
j
(3)
fi µ = eγψ¯fτ
µ∂ρ∂ρψi . (19c)
In terms of the physical momentum pµ, the Dirac equation will have the form of Eq.(5).
One can recall that the modified Poincare´ group has the squared physical momentum as a
Casimir invariant. This means that the solutions of Eq.(5) need to obey the usual dispersion
relation and will be of the form shown in the appendix A
ψ(x) = u(s) (p) e−ip·x , (20)
where u(s) (p) are four component complex spinors
u(s) (p) =N

 χ(s)
σ·p
E+m
χ(s)

 , E >0 , (21a)
u(s+2) (p) =N

 −σ·pE+mχ(s+2)
χ(s+2)

 , E <0 , (21b)
where p is the physical four momentum, E is the zeroth component of that vector, s ∈ {1, 2},
and χ(s) are
χ(1) =

1
0

 , χ(2) =

0
1

 . (22)
Substituting the form of the field into Eq.(19), one gets
j
(1)
fi µ = −eu¯fτ
µui e
i(pf−pi)·x , (23a)
j
(2)
fi µ = −2eγu¯fpf ρτ
ρpi µui e
i(pf−pi)·x , (23b)
j
(3)
fi µ = eγu¯fτ
µpiρp
ρ
iui e
i(pf−pi)·x . (23c)
6
e− e−
Aµ
µ− µ−
Figure 1: The Feynman diagram of the electron, muon scattering, in t channel.
Using the currents, one can calculate the invariant amplitude for an electron-muon scattering
presented in Fig.(1). One can express the square of the invariant amplitude as
|M|2 =
e4
−q2(1− 2γq2)
Lµνe L
muon
µν , (24)
where the two fermions are scattered via the exchange of a gauge boson Aµ . The tensors
Lµνe and L
muon
µν can be expressed from Eqs.(23) as follows
Lµνe =
1
2
∑
spins
[
j
(1)
fi µ + j
(2)
fi µ + j
(3)
fi µ
] [
j
(1)
fi ν + j
(2)
fi ν + j
(3)
fi ν
]∗
, (25)
which, using Eq.(23), can be expressed as
Lµνe =
1
2
∑
spins
[−u¯fτ
µui − 2γu¯fkf ρτ
ρkµi ui + γu¯fτ
µkiρk
ρ
i ui]
× [−u¯fτ
νui − 2γu¯fkf ρτ
ρkνi ui + γu¯fτ
νkiρk
ρ
i ui]
∗
. (26)
The expression for Lmuonµν is obtained analogously. Further expanding Eqs.(25) and (26) and
truncating to first order in γ, one obtains
Lµνe =
1
2
∑
spins
[(1− 2γkρk
ρ)u¯(k′)τµu(k)u¯(k)τ νu(k′)
+ 2γu¯(k′)τµu(k)u¯(k)kρτ
ρk′νu(k′)
+2γu¯(k′)k′ρτ
ρkµu(k)u¯(k)τ νu(k′)
]
, (27a)
Lmuonµν =
1
2
∑
spins
[(1− 2γpρp
ρ)u¯(p′)τµu(p)u¯(p)τνu(p
′)
+ 2γu¯(p′)τµu(p)u¯(p)pρτ
ρp′νu(p
′)
+2γu¯(p′)pρτ
ρp′µu(p)u¯(p)τνu(p
′)
]
. (27b)
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Summing over the spins and taking the trace over the Dirac matrices, one obtains
Lµνe = 2 (1− 2γk · k)
[
k′µkν + k′νkµ −
(
k′ · k −m2e
)
gµν
]
+8γ
[
(k · k) k′µk′ν +m2ek
′µkν
]
(28a)
Lmuonµν = 2 (1− 2γp · p)
[
p′µpν + p
′
νpµ −
(
p′ · p−m2muon
)
gµν
]
+8γ
[
(p · p) p′µp
′
ν +m
2
muonp
′
µpν
]
(28b)
Substituting the above Eqs.(28) in Eq.(24), one obtains the (squared) invariant amplitude
including corrections up to linear order in γ
|M|2 =
e4
(k − k′)4
{
4
[
k′µkν + k′νkµ −
(
k′ · k −m2e
)
gµν
] [
p′µpν + p
′
νpµ −
(
p′ · p−m2muon
)
gµν
]
−8γm2e
[
k′µkν + k′νkµ −
(
k′ · k −m2e
)
gµν
] [
p′µpν + p
′
νpµ −
(
p′ · p−m2muon
)
gµν
]
−8γm2muon
[
k′µkν + k′νkµ −
(
k′ · k −m2e
)
gµν
] [
p′µpν + p
′
νpµ −
(
p′ · p−m2muon
)
gµν
]
+16γm2e (k
′µk′ν + k′µkν)
[
p′µpν + p
′
νpµ −
(
p′ · p−m2muon
)
gµν
]
+16γm2muon
(
p′µp
′
ν + p
′
µpν
) [
k′µkν + k′νkµ −
(
k′ · k −m2e
)
gµν
]}
. (29)
Considering the above in the center of mass frame, applying the ultra-relativistic approx-
imation to the leading order, i.e. the case in which the magnitude of the 3-momentum is
much greater than the rest mass, that is ~p 2 ≫ m2 or E2 ≈ ~p 2. Thus, mass terms in the
leading order can be ignored. However, the terms proportional to the mass in the corrections
must be kept .
|M|2 =
8 e4
(k − k′)4
{(k′ · p′) (k · p) + (k′ · p) (k · p′)
− 2γ
(
m2e +m
2
muon
)
[(k′ · p′) (k · p) + (k′ · p) (k · p′)]
+ 2γm2e [(k
′ · p′) (2k′ · p+ k · p) + (k′ · k) (k · p′ − k′ · p)]
+2γm2muon [(k
′ · p′) (2p′ · k + k · p) + (k′ · k) (k · p′ − k′ · p)]
}
. (30)
Furthermore, in terms of the Mandelstam variables in the s channel
s = (k + k′)
2
= (p+ p′)
2
≈ 2k · k′ ≈ 2p · p′ , (31a)
t = (k − p)2 = (p′ − k′)
2
≈ −2k · p ≈ −2k′ · p′ , (31b)
u = (k − p′)
2
= (p− k′) ≈ −2k · p′ ≈ −2p · k′ , (31c)
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the differential cross section reads
dσ
dΩ
∣∣∣∣
CM
=
1
64π2 s
|M|2 =
2e4
64π2 s
[
t2 + u2
s2
+
1
2
γ(m2e +m
2
muon)
tu− u2
s2
]
, (32)
which in terms of the energy and the scattering angle becomes
dσ
dΩ
∣∣∣∣
CM
=
α2
4 s
[
1
2
(
1 + cos2 θ
)
+
1
4
γ(m2e +m
2
muon)
(
cos θ + cos2 θ
)]
. (33)
Thus, one obtains the full cross-section by integrating over the full solid angle
∮
dσ
dΩ
∣∣∣∣
CM
dΩ
=
∫ 2pi
0
∫ pi
0
α2
4 s
[
1
2
(
1 + cos2 θ
)
+
1
4
γ(m2e +m
2
muon)
(
cos θ + cos2 θ
)]
sin θdθdφ , (34)
which gives
σ
(
e+e− → µ+µ−
)
=
4πα2
3 s
[
1 +
γ
8
(m2e +m
2
muon)
]
. (35)
Finally, one can see that the total cross section is modified and the magnitude of the cor-
rection depends only on the rest masses and fundamental constants. In fact if one assumes
that QG effects are relevant at Planckian energies, equivalently if one assumes γ0 = 1, the
corrections for proton-proton scattering are about γm2p/4 ∼ 10
−38. The dependence of the
corrections on the rest mass of the particles involved suggests that minimum length effects
on scattering amplitudes may be measurable for electromagnetic scattering of heavier sys-
tems, such as scattering of heavy ions. The form of the RGUP corrections to the total cross
section presented in Eq.(35) will hold true when considering scattering of heavy ions with
total spin of the nucleus equal to 1/2. For example for the Xe-Xe scattering observed in the
ATLAS experiment, the order of magnitude of the corrections is γm2Xe/4 ∼ 10
−34 [44].
V. CONCLUSIONS
In this work, expanding on [39], we continued exploring the implications of a minimum
length scale in quantum field theory. Employing the Ostrogradsky method, we derived the
RGUP modified fermion Lagrangian from its equations of motion, i.e. the RGUP modi-
fied Dirac equation. We minimally coupled the resulting Lagrangian to an RGUP modified
gauge field, constructed in such a way that it preserves the usual U(1) gauge symmetry. We
then proceeded to examine the RGUP-QED Lagrangian Eq.(16) and derived its Feynman
9
rules. A noticeable difference from the usual QED is that now up to five particle vertices
are allowed. In fact, all vertices contain two fermions and from one to three gauge bosons.
We then computed the transition amplitudes and the fermionic current for the three par-
ticle vertices, which include the usual eletromagnetic scattering and RGUP corrections to
it. Then, we coupled two of these three particle vertices through a gauge boson and obtain
the invariant amplitude of an electron muon scattering. Considering that minimum length
effects are expected to be relevant at very high energies, we considered the ultra-relativistic
approximation. Then, we calculate the differential and total cross section.
We observe interesting effects following from the existence of minimum length. For exam-
ple, in the ultra-relativistic limit, the only relevant correction depends on the rest mass
and fundamental constants of nature. Therefore, the minimum length effects on scattering
amplitudes might be measurable using heavy ions scattering experiments like ATLAS.
The results presented in this work provide insight into testing minimum length effects in the
laboratory. They also open the door for new calculations, such as the explorations of Higgs
mechanism and symmetry breaking of RGUP-QFTs. This may lead to minimum length
corrections to the mass of the Higgs field and by extension the masses of the gauge bosons
and fermions. Further research will provide better limits on the scale at which QG effects
are expected to be relevant.
Acknowledgement
This work was supported by the Natural Sciences and Engineering Research Council of
Canada, and University of Lethbridge. We thank M. Fridman and J. Stargen for providing
feedback and valuable discussions.
Appendix A: Dirac equation solutions
In terms of the physical and the auxiliary momentum from the dispersion relation the
Klein-Gordon (KG) equation reads as follows
pρpρ = p
ρ
0p0ρ(1 + 2γp
σ
0p0σ) = −(mc)
2 . (A1)
Since the KG equation remains unchanged in terms of the physical momentum, one can
reasonably assume that the Dirac equation will have the same form
Eψ = (~α · ~p+ βm)ψ , (A2)
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where E is the zeroth component and ~p is the spacial part of the physical momentum pµ. It
can be proven that one has the following properties for ~α and β
{αi, αj} = {αi, β} = {β, β} = 0 (A3)
α2i = β
2 = 1 , (A4)
one can recall that these are the properties of Dirac matrices in fact one can recover a
representation of the Dirac matrices form ~α and β as follows
τµ ≡ (β, β~α) , (A5)
which in terms of the Pauli matrices has the form presented in Eq.(6).
In terms of linear operators the Dirac equation is can be written in the following form
Hu =

 m ~σ · ~p
~σ · ~p −m



 uA
uB

 = E

 uA
uB

 . (A6)
One can easily prove that Eqs.(21)
u(s) (p) = N

 χ(s)
σ·p
E+m
χ(s)

 , E > 0 (A7a)
u(s+2) (p) = N

 −σ·pE+mχ(s+2)
χ(s+2)

 , E < 0 . (A7b)
are the respective solutions for a free Dirac field. Therefore they can be used when calculating
the transition amplitude. Note that ~p and E are the physical momentum and energy, each
of which can be expressed as a function of the auxiliary variables ~p0 and E0.
Appendix B: Obtaining the Lagrangian
To obtain the Lagrangian shown in Eq.(7),the differential form of the Dirac equation is
needed. After the substitution of the expression for the physical momentum in terms of the
auxiliary one
pµ = p0µ(1 + γp0ρp
ρ
0) , (B1)
in Dirac equation Eq.(5). One gets the following expression
[τµp0µ(1 + γp0ρp
ρ
0)−m]ψ = 0 . (B2)
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Because p0 and x0 are canonically conjugated to each other, one can write the differential
form of the Dirac equation as
[iτµ∂µ(1 + γ∂ρ∂
ρ)−m]ψ = 0 . (B3)
Above, one can recognise Euler-Lagrange equation for this theory. Therefore, the Lagrangian
can be recovered by applying the Ostrogradsky method [40–42] to obtain the Euler-Lagrange
equations for theories with higher derivatives
dL
dq
−
d
dt
dL
dq˙
+
d2
dt2
dL
dq¨
+ . . .+ (−1)n
dn
dtn
dL
d(dnq/dtn)
= 0 , (B4)
which in the case of fields is
∂L
∂φ
− ∂µ
∂L
∂(∂µφ)
+ ∂µ1∂µ2
∂L
∂(∂µ1∂µ2φ)
+ . . .+ (−1)m∂µ1 . . . ∂µm
∂L
∂(∂µ1 . . . ∂µmφ)
= 0 . (B5)
The first step is to assume a general form of the Lagrangian, where the order of derivatives
is determined by the order of the equation of motion Eq.(B3). Moreover, an assumption
is made that different terms will have an arbitrary numerical coefficients multiplying every
term
Lψ = ψ¯ [iC1τ
µ∂µ(1 + C2γ∂ρ∂
ρ)− C3m]ψ . (B6)
Next step is to prove that it has Eq.(B3) as an equation of motion. Applying the Ostro-
gratsky method, one gets the following equations of motion for the field and its complex
conjugated
C1iτ
µ∂µψ + C1C2γ∂ρ∂
ρψ − C3mψ = 0, (B7)
C1iτ
µ∂µψ¯ + C1C2γ∂ρ∂
ρψ¯ − C3mψ¯ = 0 . (B8)
The equations of motion obtained trough the Ostrogradsky method from Eq.(B6) need to be
identical to Eq.(B3), which was obtained trough different means. Therefore, the Lagrangian
corresponding to the QFT spinor with minimum length will be of the form presented in
Eq.(7). This can be used to fix the value of the arbitrary coefficients. The result is an
unique set of coefficients
C1 = C2 = C3 = 1 . (B9)
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Therefore, the Lagrangian corresponding to the QFT spinor with minimum length will be
of the form presented in Eq.(7).
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